An efficient and accurate numerical scheme is proposed, analyzed and implemented for the Kawahara and modified Kawahara equations which model many physical phenomena such as gravity-capillary waves and magneto-sound propagation in plasmas. The scheme consists of dual-Petrov-Galerkin method in space and Crank-Nicholson-leap-frog in time such that at each time step only a sparse banded linear system needs to be solved. Theoretical analysis and numerical results are presented to show that the proposed numerical is extremely accurate and efficient for Kawahara type equations and other fifth-order nonlinear equations.
Introduction
Fifth-order Korteweg-de Vries type equations u t − u xxxxx = F (x, t, u, u x , u xx , u xxx ), (1.1) arise naturally in modeling many wave phenomena. Although most of the study for this type of equations are focused on the Cauchy problem or initial and periodic boundary-value problem, there are at least two compelling reasons to study the initial and boundary-value problems: (i) some applications, such as a wave maker, are naturally set on a semi-infinite interval; (ii) for computational purpose, one often has to reduce the problem in an infinite domain to a finite domain. Hence, we shall focus our attention on the following initial and boundary-value problem: with the norm · ω = (u, u) 1 2 ω . We denote by c a generic constant that is independent of any parameters and functions. In most cases, we shall simply use the expression A B to mean that there exists a generic constant c such that A ≤ cB.
v(−1, t) = g(t), v x (−1, t) = h(t), v(1, t) = v

Dual-Petrov-Galerkin method for a fifth-order equation
In this section we recall the dual-Petrov-Galerkin method [19] for a linear fifth-order equation and summarize some of the estimates that we will need in the next section.
Consider the following boundary-value problem (BVP)
αu + βu xxx − u xxxxx = f, x ∈ I = (−1, 1), u(±1) = u x (±1) = u xx (1) = 0, (2.1) where α and β are given constants. Without loss of generality, we only consider homogenous boundary conditions, for non-homogenous boundary conditions can be easily handled by considering v = u −û, whereû is the unique quartic polynomial satisfying the non-homogenous boundary conditions. We start with a few notations. For any constants α and β, let ω α,β (x) = (1 − x) α (1 + x) β be the Jacobi weight function with index (α, β). We define a set of non-uniformly weighted Sobolev spaces as follows:
Let P N denote the space of polynomials of degree ≤ N and set
We consider the following dual-Petrov-Galerkin approximation for (2.1):
N . Thus, the above dual-Petrov-Galerkin formulation is equivalent to the following weighted spectral-Galerkin approximation:
where (u, v) ω −1,1 = I uvω −1,1 dx. As it will become clear below (see also [19] ), the dual-PetrovGalerkin formulation (2.4) is most suitable for implementation while the weighted Galerkin formulation (2.5) is more convenient for error analysis.
As suggested in [17, 18] , one should choose compact combinations of orthogonal polynomials as basis functions to minimize the bandwidth and the condition number of the coefficient matrix corresponding to (2.5). Let {p k } be a sequence of orthogonal polynomials. As a general rule, for one-dimensional differential equations with m boundary conditions, one should look for basis functions in the form
where a
Let L k be the k-th degree Legendre polynomial which is mutually orthogonal in
By setting p k = L k in (2.6), it is easy to verify that, for N ≥ 5, we have
It is important to note that Π N also satisfies the following property:
We now recall some results established in [19] . First of all, we have the following estimates on the projection error.
Next, we recall two Hardy-type inequalities:
The following result is essential for the well-posedness of our dual-Petrov-Galerkin method.
Finally, the following results can be proven by a usual argument using the above estimates [19] :
Theorem 2.2 Let u be the solution of (2.1) and assume u ∈ H m ω −3,−2 . Then, for any α, β > 0, the problem (2.4) admits a unique solution u N which satisfies the following error estimate:
Then, the variational formulation (2.4) leads to the following linear system
By using integration by parts and orthogonal properties of Legendre polynomials, one easily determines that
Hence, the linear system (2.16) can be easily and efficiently inverted.
Applications to the Kawahara-type equation
We now apply the dual-Petrov-Galerkin method to the fifth-order equation (1.2) . To this end, we first reformulate (1.2) to an equivalent problem with homogeneous boundary conditions. Let
] and write v(x, t) = u(x, t) +v(x, t). Then, for p = 1, u satisfies the following equation with homogeneous boundary conditions:
where
2) only when p = 1, we will still study (3.1) for all p ≥ 1, since for p > 1, (3.1) retains the term u p u x which has the highest nonlinearity in the reformulated equation. Therefore, even some lower order linear and nonlinear terms in the reformulated equation are dropped out in (3.1), it is clear that our analysis would carry over even if those terms are included in (3.1).
For a given ∆t, we set t k = k∆t and let u 
Then, the second-order Crank-Nicolson leap-frog scheme in time with a weighted Galerkin approximation in space reads:
It is clear that at each time step, (3.3) reduces to (2.5) which can be efficiently solved. In order to prove the stability and convergence of (3.3), we shall first consider a modified scheme. To this end, let M be such that |u(
It is easy to verify that
Then, the modified Crank-Nicolson leap-frog dual-Petrov-Galerkin approximation is:
We denoteê 
Remark 3.1 The condition on β appears to be a natural one, since the global existence of (1.2) can only be established under some similar limitations on β (cf., for instance, [5] ).
Comparing (3.6) with (3.7) and using (2.11), we have
Below, we shall bound the right-hand side terms using repeatedly the Cauchy-Schwarz inequality, Lemma 2.1 and the crude estimate
Given δ > 0 which can be arbitrarily small,
Similarly as above, we have
By using (3.5), the identity a
We now use the identity
to split the first term in RHS(v N ) into two terms and estimate them separately as follows:
We recall the following inequality [19] ,
which holds for all φ such that φ(±1) = 0 and I (φ x ) 2 ω −1,0 dx < ∞. Thanks to Lemma 2.1 and (3.10),
It remains to estimate the last term in RHS(v N ). By the first inequality in Lemma 2.2, we have that for
and for β < 0,
Noticing the identity
and by Hölder's inequality, we have
Combining the above inequalities into (3.9), we obtain
112 , we can choose δ sufficiently small such that We can then apply the standard discrete Gronwall Lemma to the above inequality to get, for any 1
We can finally conclude by using the triangular inequality, (3.2), the regularity assumptions and Theorem 2.1. Now, using the same argument in [19] , we can show that the following statement holds. 
Numerical results
In this section, we present some numerical results for the Kawahara and modified Kawahara equations.
Solitary waves
We consider first numerical approximations of solitary wave solutions for the the Kawahara equation and modified Kawahara equation. More precisely, we consider the Kawahara equation
is an exact soliton solution of (4.1); and the modified Kawahara equation
is an exact soliton solution of (4.3) and p, q are two parameters. In order to apply the dual-Petrov-Galerkin method, we fix x 0 = 0 and restrict the problem to the finite interval [−L, L] with L sufficiently large such that the solution u ex (±L, t), ∂ x u ex (±L, t), ∂ 2 x u ex (L, t) are essentially zero for t ∈ [0, T ] (where T is given). We apply the scalingx = L −1 x, t = L −1 t, and for the sake of simplicity, still use (x, t) to denote (x,t). Then, we are led to consider the following scaled Kawahara equation
and the modified Kawahara equation
Below, we present some numerical results with L = 200 using N = 1000 in the dual-PetrovGalerkin scheme. In Tables 4.1 
Oscillatory solitary waves
We now consider the so called "oscillatory solitary waves" which consist of a packet of solitary waves with arbitrary small perturbations [9] . Oscillatory solitary waves can be found in the [10, 25] for numerical study and [1] , [22] , and [23] for analytical work). We note that in the fifth-order KDV equation which models the water wave in the presence of surface tension, the critical Bond number 1 3 corresponds to β = 0 in (3.1) ; the case with Bond number greater than (resp. smaller than) 1 3 corresponds to β > 0 (resp. β < 0). Oscillatory solitary waves occur in (3.1) with β < 0. Following Kawahara [11] , we consider the following Kawahara equation
which, after a change of variablex = −x, corresponds to (3.1) with β < 0. Hunter and Schedule [9] proposed (4.7) as a model equation for capillary-gravity waves when the bond number us just less than the critical value of . Pomeau et al. [15] used techniques of asymptotics pioneered by Segur and Kruskal [16] to show that the amplitude of the tail oscillations is exponentially small with respect to the small parameter . Kichenassamy and Olver [12] showed the nonexistence of solitary wave solutions of (4.7). The relationship between the tail amplitudes and the phase shifts can be found in [2, 6] .
By assuming that the solution of (4.7) takes the form of a small-amplitude modulated wave packet, we can find the following asymptotic solution for (4.7) by using two-scale expansion listed in [8] correct to ( 2 ), 8) where ξ = x − ct, and X = ξ represents the wave envelope. The constant φ 0 controls the phase of the carrier oscillations relative to the peak of the envelop at X = 0 [3, 4] . In [3] , a split-step Fourier method [14] was used to solve the above equation. In order to apply the dual-Petrov-Galerkin scheme, we rescale the equation (4.7) with (x,t) = (−L −1 x, L −1 t), still use (x, t) to denote (x,t), we are led to consider the following initial-and boundary-value problem:
In our numerical experiments, we take k m = √ 0.5, φ 0 = 0, = 0.01, ξ = x − 0.25t and L = 2000.
It can be checked from (4.8)-(4.9) that with = 0.01 and L = 2000, the boundary conditions in (4.9) are accurate at least to the order ( 3 ) for t ∈ (0, 0.2) (which corresponds to the real time t ∈ (0, 400)). Note that for smaller , larger L is needed to ensure that the boundary conditions in (4.9) are sufficiently accurate.
In all the computations presented below, we use ∆t = 1.0E − 5 and N = 2000. In Table  4 .3, we list the L 2 and L ∞ errors between the computed solutions of (4.9) and the asymptotic solution at three different (scaled) times t = 0.05, 0.1, 0.2 which correspond to original times t = 100, 200, 400. Note that the accuracy is limited by the accuracy of the asymptotic solution which is accurate to the order of 3 . In Figures 4.2-4 .7, we plot the computed solutions and the asymptotic solutions at three different times on the whole interval (Fig. 4.2, 4 .4 and 4.6) and on a shorter interval (Fig. 4.3 , 4.5 and 4.7). We notice that the solutions to (4.9) exhibit highly oscillatory behaviors which are extremely difficult to compute [4, 11] Table 4 .3: Differences between the computed solutions of (4.9) and the asymptotic solution with = 0.01 and ∆t = 1.0E − 5. 
Concluding remarks
We presented a numerical scheme consists of dual-Petrov-Galerkin method in space and CrankNicholson-leap-frog in time for the Kawahara and modified Kawahara equations which has been proposed to model many physical phenomena such as gravity-capillary waves and magneto-sound propagation in plasmas. At each time step, the scheme is reduced to a linear fifth-order equation with constant coefficients that can be very efficiently solved by the dual-Petrov-Galerkin method. It is shown that the scheme is stable under a very mild stability constraint, and is second-order accurate in time and spectrally accurate in space. We used this scheme to compute solitary wave solutions and oscillatory solitary wave solutions of the Kawahara and modified Kawahara equations, and our numerical results indicate that the scheme is capable of capturing, with very high accuracy, solitary wave solutions and highly oscillatory solutions with modest computational costs.
